CSci 280, Spring 2009, Exam 2

This take-home exam is di&iday, April 3, at 7am. You should submit your solution on paper, either
handwritten or typed. E-mailed solutions will not be aceept

Answer only four of the following five problems. If you answer all problems, | will grade only the
first four. Each problem is worth 20 points, so your solutiani$be graded out of 80 points.

The quality of writing and mathematical argument will be atcal component in how your solutions are
graded. When | return your graded solution, | will identifpr@blem that you should rewrite to be eligible
for the final 20 points. (If your initial submission has norsficant flaws, the final 20 points will require no
additional work.) In submitting the rewrite, you shouldalaclude your original, graded test submission.
Note that | will grade the rewrite more harshly than | gradeeldriginal; simply resubmitting your original
solution will not be worth anything.

You should not obtain help from anybody or anything, exceqtryinstructor, your written class notes,
the textbook (Dasgupta, Papadimitriou, & Vazirani, ay@#son paper or on-line), and the course Web site.

1. Suppose we have machines, each with startup tirse Only one machine can be running at a time.
We also haven jobs, each of which can be performed on any of the machinesyawhinei, job j
takest; ; time. We want to find the time taken by the fastest assignnmigobe to machines.

The below table gives an example involving 3 machines an% johe best schedule is for machine 0
to perform the first two jobs, then machine 1 for job 2, then hivae 2 for the last two jobs. This
schedule take®+ 1) + 1+ (1+2) + (2+1) + 1 = 11 time units. However, the best schedule for just
the first four jobs is for machine 0 to do them all, takif&yt+ 1) + 1+ 4+ 1= 9 time units.

s |[tio ti1 t2 tiz tia

machineo 2| 1 1 4 1 5
machine 1| 1 | 3 3 2 3 3
machine 2| 2 | 3 3 4 1 1

Using dynamic programming, create an algorithm tak{gnn) time for finding time taken by the
best assignment. Present the solution in pseudocode, guel #rat it is correct and has the required
big-O bound.

2. Given a connected, undirected graph, we can definesaential vertexas one
: . B [
whose removal splits the graph into two or more componentsthé example @ ™ >pC - X0
graph at right, vertex D is essential, since removing it ésathe graph in two © ®
components, A/B/C and E/F/G. No other vertices are essentia

Create anO(m) algorithm that identifies an essential vertex in a graph & emists. Present the
algorithm in pseudocode, and argue that it is correct andheasequired big-O bound. Hint: Think
about the depth-first-search tree and its back edges.

3. The SEAT ASSIGNMENT problem is as follows: Suppose we arewvifimg a dinner party at which
n people will be assigned seats at a round table. However, seekalow of some bad relationships
among our guests, and we want to make sure we don’t assignuesigyto sit next to each other if
they have a bad relationship.

Prove that SEAT ASSIGNMENT is NP-hard by reducing it from #oew problem known to be NP-
hard.
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4. Recall that for the KNAPSACK problem, we are given a colleatof weights{wo,ws,...,w,_1} and
a capacityc, and we wish to find the subset of weights with the largest suthowt exceeding.
The most intuitive approach to selecting weights is a gresddgrithm: We first sort the weights in
descending order, then go through each weight and seldttleaicfits into the knapsack.

For example, given the weigh{9, 7, 6,3} and a capacity of 14, we first see whether the largest weight
9 fits; it does, so we place it into the knapsack. We then s¢& trad then 6 don't fit into the knapsack.
But the 3 does, so we place it into the knapsack, for a totayltef 9+ 3 = 12. This isn’t optimal,
though: We could have selected 7 and 6 to get a weight of 13itBuatose to optimal.

Prove that the greedy algorithm is a 2-approximation atgori Also, show that 2 is the best possible
approximation ratio for this algorithm; that is, for anyicdess than 2, you can give an example where
the greedy algorithm does worse than that ratio.

5. A few years ago a utility contracted you to write a programdesigning telecommunications net-
works between towns. Your program’s input is a list of polestbwn connections along with the cost
of laying a wire between each pair of towns. You naturallysehto use Prim’s algorithm to identify
a minimum spanning tree among the towns.

But they have now identified that often there are some passifhnections that are politically very
sensitive, and the upper management is unwilling to dedi wibre than one politically sensitive
connection. A list of connections that are politically séws will also be fed as input to your program.

Design an algorithm so that it chooses at most one polijic@hsitive connection. Your algorithm
should takeD(n? + mlogn) time. One approach is to use Prim’s algorithm in essentiatiyodified
form and then work with the resulting spanning tree to araivihe best possible answer. Present your
algorithm in pseudocode, and argue that it is correct andheasequired big-O bound.



