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Solutions

approach update range query

just store sequence  O(1) O(n)
segment tree O(lgn) O(lg n)
Fenwick tree O(lgn) O(lgn)



Segment trees

(assume n = 2k)



Updating a segment tree




Prefix query on a segment tree
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Implementing Fenwick trees

class FenwickTree {
private long[] a;
public FenwickTree(int n) { a = new long[n+1]; }
public long prefix(int i) {
long s = 0;
for (; i > 0; i -= LSB(i)) s += al[il]; return s;
}
public void update(int i, long delta) {
for (; i < a.length; i += LSB(i)) ali]l += delta;
}
public long range(int i, int j) {
return prefix(j) - prefix(i-1);
}
public long get(int i) { return range(i,i); }
private int LSB(int i) { return i & (-i); }



Deriving Fenwick Trees



Thinning segment trees




Thinning segment trees




Storing a thinned segment tree
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Fenwick tree = right-leaning, thinned segment tree
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Fenwick tree = right-leaning, thinned segment tree
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... but how to move around?



Indexing full binary trees
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Indexing full binary trees, in binary
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The Plan

» Derive Fenwick tree <+ binary tree index conversions 2b, b2f

» Compute motion through a Fenwick tree (array) as
b2f o binary TreeMotion o f2b

» Fuse

v

» Profit!



The Plan

» Derive Fenwick tree <+ binary tree index conversions 2b, b2f

» Compute motion through a Fenwick tree (array) as
b2f o binary TreeMotion o f2b

» Fuse

v

» Profit!

We're going to need some kind of DSL for manipulating numbers in binary. ..



Binary EDSL



Bits

data Bit=0 | |

- Bit — Bit

0=

-1=0

(N), (V) = Bit — Bit — Bit
ON_=0

I Nb=b

Iv_=1

Ovb=b
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2's complement

..000101

...000100
...000011
...000010
...000001
...000000
... 111111

.. 111110

... 111101

=N Wb o

-2
-3



Encoding infinite 2's complement bit strings?

type Bits = [Bit] ?



Encoding infinite 2's complement bit strings?

type Bits = [Bit] ?

» No decidable equality, can't convert Bits — Int
» “Junk” values like cycle [O,1]=[0,1,0,1,0,1,...]



Encoding infinite 2's complement bit strings

Valid bit strings must have some finite part followed by an infinite tail of all 0's
orall 1's.

data Bits where
Rep :: Bit — Bits
(:.) :: Bits — Bit — Bits -- see paper for real details

Examples:
» 2=...000000=RepO:.1:.0
» —5=...1111011 = Rep | :. O :. | :. |



Operations on infinite bit strings

(®) :: Bits — Bits — Bits
Rep x ® Rep y = Rep (x \ y)
(xs:.x)O(ys:.y)=(xsDys):. (x\y)



Operations on infinite bit strings

inc :: Bits — Bits

inc (Rep 1) = Rep O

inc (bs:. O)=bs:.I

inc (bs:.1) =incbs:.O
inv :: Bits — Bits

inv (Rep b) = Rep (— b)
inv (bs:.b)=invbs:. —b
neg :: Bits — Bits

neg = inc o inv



LSB
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Isb(~:.1) =RepO:.I
Isb (bs:. O) =Isb bs :. O
Isb (Rep O) = Rep O
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LSB

Isb :: Bits — Bits
Isb(~:.1) =RepO:.I
Isb (bs:. O) =Isb bs :. O
Isb (Rep O) = Rep O

private int LSB(int i) { return i & (-i); }

Isb x = x ® neg x
Proof: induction on x.



Other operations on Bits

set, clear
test, even, odd
shl, shr

while :: (a — Bool) — (a — a) — a— a
while p f x

| p x = while p f (f x)

| otherwise = x



Other operations on Bits

set, clear
test, even, odd
shl, shr
while :: (a — Bool) — (a — a) — a— a
while p f x
| p x = while p f (f x)

| otherwise = x

& various rewriting lemmas, e.g. inc o while odd shr = while even shr o inc



Fenwick /binary conversion



f2b
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f2b
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f2b

(Y)::[a] = [a] =[]

[ vy =l

(x:xs) Y ys=x:(ysY xs)

b:: Int — [Int]
b0 =[2]
bn=map(2:)[2"..2"+2" 1 —1] Y b(n—1)

f2b(n—1) (k/2) keven

2bnk=bn'lk=
ortl 4 k1 k odd



f2b

2bnk= 2b(n—1) (k/2) keven
2n+1+k_1 kodd



f2b

2bnk= 2b(n—1) (k/2) keven
2n+1+k_1 kodd

f2b n = dec o while even shr o set (n+ 1)



2b
2bnk= 2b(n—1) (k/2) keven
2n+1 + k -1 k odd

f2b n = dec o while even shr o set (n+ 1)

b2f n = clear (n+ 1) o while (not o test (n+ 1)) shl o inc



update via activeParent
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update via activeParent

7 O
(6) (O (8) (O

@ O—y O—6) O—4 ()
(I 0 5 | Y I 1 |

activeParent = b2f o while odd shr o shr o f2b




Calculating activeParent

activeParent = b2f o while odd shr o shr o f2b
= { inline + rewrite... }
clear (n+ 1) o while (not o test (n+ 1)) shl o inc o while even shr o set (n+ 1)

[OIOTITI[OT1]0]0]
| set sentinel bit

[LTOTITITOTIT0]0]
| shift right

[OTOTTIOTITIIOI1]

| increment

| shift left
| unset sentinel bit

[OTOTITIT1I010I0]



update

activeParent = ... = \x — x + Isb x



update

activeParent = ... = \x — x + Isb x

public void update(int i, long delta) {
for (; i < a.length; i += LSB(i)) ali]l += delta;
}



More in the paper:
» More pictures!
» Proofs!
» Deriving prefix (subtracting LSB)!




Thanks!



data Bits where
Rep :: Bit — Bits
Snoc :: |Bits — Bit — Bits
toSnoc :: Bits — Bits
toSnoc (Rep a) = Snoc (Rep a) a
toSnoc as = as
pattern (:.) :: Bits — Bit — Bits
pattern (:.) bs b <— (toSnoc — Snoc bs b)
where
Repb:. b |b=b =Repb
bs:. b= Snoc bs b

{-# COMPLETE (:.) #-}
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